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we	 find	 twelve	 types	of	optimal	 allocation	 schedules,	 differing	qualitatively	 in	how	
reproductive	 allocation	 increases	with	 body	mass.	 These	 twelve	 optimal	 allocation	
schedules	include	types	with	different	combinations	of	continuous	and	discontinuous	
increase	 in	 reproduction	 allocation,	 in	which	phases	of	 continuous	 increase	 can	be	
decelerating	or	accelerating.	We	furthermore	investigate	how	this	variation	influences	
growth	curves	and	 the	expected	maximum	 life	span	and	body	size.	Our	study	 thus	
reveals	new	links	between	eco-	physiological	constraints	and	life-	history	evolution	and	
underscores	 how	 allocation-	dependent	 fitness	 components	may	 underlie	 biological	
diversity.












stochastic	 environments	 (King	 &	 Roughgarden,	 1982),	 diminishing	









to	 reproduction	 occurs,	 it	 is	 less	 clear	 how	 to	 characterize	 and	 un-
derstand	allocation	schedules	that	cause	reproductive	investment	to	
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change	gradually	over	a	lifetime.	Which	shapes	can	we	expect?	What	
conditions	favor	different	features	in	these	shapes?	How	do	particular	
optimal	 allocation	 schedules	 affect	 key	 life-	history	 features,	 such	as	
growth	curves,	average	life	spans,	or	asymptotic	body	sizes?
Here,	we	 pursue	 these	 questions	 for	 life-	history	 strategies	 that	
evolve	 under	 allocation-	dependent	 fecundity	 and	mortality.	We	will	
specifically	 consider	 cases	 where	 fecundity	 and	 mortality	 rates	 in-
crease	with	 reproductive	 allocation,	 but	 at	 rates	 that	may	be	either	
faster	 (henceforth	 referred	 to	as	accelerating)	or	 slower	 (henceforth	





mortality	 increases	 at	 an	 accelerating	 rate	 with	 the	 reproductive-	
investment	fraction	(León,	1976;	Sibly	et	al.,	1985;	Taylor	et	al.,	1974).


















directly	 to	 offspring	body	mass	 but	 rather	 into	organs	or	 capacities	
which	 facilitate	 reproduction,	 for	 example,	 ovaries,	 inflorescences,	
or	 shells.	Accelerating	 returns	may	 then	occur	due	 to	economies	of	









Mortality	 is	 generally	expected	 to	 increase	with	 investment	 into	






Mortality	 will	 increase	 at	 an	 accelerating	 rate	 with	 reproduc-
tive	 allocation	 if	 survival	 costs	 increase	 sharply	when	 reproductive-	





























pected	 shapes	 of	 nonbang–bang	 reproductive-	allocation	 schedules.	












The	 remainder	 of	 this	 article	 is	 structured	 as	 follows.	 First,	 we	
introduce	and	describe	a	general	 life-	history	model	of	ontogeny	and	


























energy	 income	 is	 the	most	suitable	predictor	of	 reproductive	costs,	
such	 as	mortality,	 and	 best	 reflects	 that	 these	 costs	 typically	 arise	
because	 reproduction	 competes	 for	 energy	 with	 other	 important	
physiological	processes	or	activities.	It	also	forms	the	basis	for	previ-
ous	theory	by,	for	example,	Myers	and	Doyle	(1983)	and	Sibly	et	al.	
(1985).	 The	 energy	 devoted	 to	 reproduction,	 uE,	 is	 converted	 into	
offspring	biomass	at	a	rate	b(uE).	Unlike	the	mortality	rate	q,	which	








a	 realized	 fecundity	 rate	 b	 that	 determines	 the	 expected	 number	
of	 offspring	 of	 an	 individual.	 The	 two	 exponents	 kq	 and	 kb	 control	
whether	the	mortality	rate	and	fecundity	rate	increase	at	an	acceler-
ating	(ki	>	1),	proportional	 (ki	=	1),	or	decelerating	(ki <	1)	rate	with	u 
(see	Figure	1).
The	potential	fecundity	rate,	Equation	(4),	has	the	unrealistic	and	un-
desirable	 feature	 that	 the	 slope	becomes	 infinite	at	 zero	 reproductive	
investment	when	kb	<	1.	This	means	that	a	small	increase	in	energy	al-
































(a) (b) (c) 
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The	expected	lifetime	reproduction	of	the	individual	is	then	given	by
We	aim	to	determine	optimal	mass-	dependent	allocation	sched-
ules	 that	 maximize	 expected	 lifetime	 reproduction	 as	 given	 by	
Equation	(6).	This	control	problem	is	solved	by	applying	the	method	
of	dynamic	programming	to	a	time-	discrete	version	of	the	ordinary	
differential	 equations	 (Equations	[1	 and	 2];	 see,	 e.g.,	 Bertsekas,	
1987	or	Houston	&	McNamara,	1999	for	an	outline	of	the	standard	
procedures	used).	Primarily,	we	vary	 the	parameters	kq,	kb	and	the	
physiological	 limit	p,	because	 they	 influence	 the	curvatures	of	 the	
fecundity	and	mortality	functions.	In	line	with	previous	studies	(e.g.,	
Charnov,	1993;	Kozłowski	&	Uchmanski,	1987),	we	set	the	produc-
tion	 exponent	 ke	 to	 3/4.	Without	 loss	of	 generality	we	 reduce	 the	
model	dimensionality	by	adjusting	the	timescale	so	that	the	baseline	
mortality	rate,	c1,	equals	1.	The	 remaining	parameters	are	assigned	










ries	of	u*	and	m	 from	t	=	0	to	a	 time-	point	of	 low	survival	probabil-









3.1 | Types of optimal allocation schedules






ous	 increase	 and	points	with	 discontinuous	 increase	 (denoted	D).	
Intervals	 of	 continuous	 increase	 can	 furthermore	 be	 divided	 into	





Four	 of	 the	 twelve	 types	 of	 allocation	 schedules	 (top	 row	 in	





tersects	with	u	=	1	as	a	 continuous	curve	 that	 is	 either	 accelerating	
or	decelerating	(with	the	completion	phase	denoted	a	or	d).	In	three	









different	 optimal	 mass-	dependent	 reproductive-	allocation	 sched-
ules	 in	 abbreviated	 form.	As	 an	 example,	 the	 string	 Dd	 refers	 to	 a	
reproductive-	allocation	 schedule	 with	 a	 discontinuous	 onset	 phase	
and	a	continuous,	decelerating	completion	phase.


















3.3 | How optimal allocation schedules depend on 









P(t) b(u[m(t)] E[m(t)]) dt.




the	 optimal	 allocation	 schedule	 is	 continuous,	 discontinuous,	 or	 a	
combination	of	the	two.	The	four	quadrants	in	Figure	3a	correspond	
to	 combinations	 of	 accelerating	 (convex)	 and	decelerating	 (concave)	
fecundity	and	mortality	rates.	In	the	top-	left	quadrant,	mortality	is	ac-
celerating	and	fecundity	is	decelerating.	These	conditions	are	known	
to	 favor	 gradually	 increasing	 allocation	 to	 reproduction	 (see	 Sibly	
et	al.,	1985).	Therefore,	exclusively	types	with	continuously	increasing	
reproductive	 investment	 (aa,	ad,	ai,	and	di)	are	present	 there.	 In	 the	
opposite,	lower-right	quadrant,	none	of	these	conditions	are	fulfilled,	























the	Dd	 and	 the	 dD	 types.	 Both	 exhibit	 continuously	 and	discontin-
uously	 increasing	allocation,	but	 the	Dd	 type	has	 the	discontinuous	
phase	 first	 and	 the	 dD	 type	 has	 the	 discontinuous	 phase	 last.	 The	
variation	 in	 the	 order	 by	 which	 different	 shape	 categories	 appear	
can	be	understood	by	observing	how	the	curvatures	of	the	fecundity	
and	mortality	functions	vary	with	the	level	of	investment.	For	exam-













parameter	settings:	kq =	0.95,	1.25,	3.5,	and	10	in	the	columns	from	left	to	right,	kb =	1.02,	0.92,	and	0.92	in	the	rows	from	top	to	bottom,	p =	15,	
15,	and	1.2	in	the	rows	from	top	to	bottom,	c2	=	0.04,	c1 = c3 = c4	=	1,	mbirth	=	0.01,	and	ke =	3/4.	The	exceptions	are	that	for	Da	we	set	c2 = 1.15 
and	kb =	1.1;	for	Di,	we	set	c2	=	0.8;	for	aD,	we	set	c1 = c3	=	2	and	kb = kq =	0.95;	and	for	dD,	we	set	c1 = c3	=	2,	kb = kq =	0.95,	and	p = 2.5
(b) (a) 
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between	 accelerating	 and	 decelerating	 curves	 in	 the	 early	 phases	
of	 investment,	while	variation	 in	kq	 causes	 the	 change	between	 ac-
celerating	and	decelerating	curves	 in	 the	 later	phases	of	 investment	
(Figure	1a).	Hence,	 by	 changing	 these	parameters	 independently,	 all	
combinations	aa,	ad,	da,	and	dd	can	be	obtained.
In	Appendix	B	we	describe	how	variation	in	the	other	model	pa-





















3.4 | How growth- curve types and life- history 
attributes depend on fecundity and mortality 
curvature parameters
The	 allocation	 schedule	 determines	 the	 growth	 curve	 and,	 conse-
quently,	 also	 the	maximum	 life	 span	 and	maximum	body	 size	of	 an	
organism.	For	example,	 the	maximum	body	size	 increases	as	 the	al-
location	 schedule	 becomes	 increasingly	 decelerating	 (e.g.,	 second	






cally	 (II)	 to	continued,	 indeterminate	growth	 (III,	 IV).	When	compar-
ing	Figure	3a,b,	 it	 is	also	apparent	that	there	is	no	complete	overlap	
between	the	optimal	types	and	the	growth	curves	 in	the	parameter	




















































such	 fitness	 returns,	denoted	 r	 for	 short	 (Appendix	A).	For	 the	pur-
poses	of	our	arguments,	r	can	be	written	as
Here,	 the	 first	 term	 gives	 the	 instantaneous	 return	 from	 reproduc-





























interior	maximum,	 so	when	 its	 slope	 changes,	 changes	 in	 allocation	
























(a) (b) (c) (d) 
(e) (f) (g) (h) 
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Whether	 a	 gradually	 increasing	 optimal	 allocation	 schedule	 will	
be	 accelerating	 or	 decelerating	 as	 a	 function	 of	 mass	 (e.g.,	 types	
aa	or	dd)	depends	on	more	 subtle	properties	of	 the	 fitness	 compo-

















Three	 key	 observations	 from	 numerical	 investigations	 (Figures	2	
and	 3)	 and	 from	 studying	 the	 fitness	 returns	 of	 reproductive	
investments	 (Figure	4)	 can	 be	 used	 to	 summarize	 our	 results.	 First,	
an	 interval	of	 a	 fitness-	return	curve	 that	 is	 accelerating	 leads	 to	an	
optimal	 reproductive-	allocation	 schedule	 with	 discontinuous	 in-
crease	(cf.	Figure	4a,e),	while	decelerating	intervals	lead	to	an	optimal	
reproductive-	allocation	schedule	with	gradually	increasing	allocation	







We	 synthesize	 these	 relationships	 into	 the	 general	 classifica-
tion	 scheme	 of	 optimal	 allocation	 schedules	 shown	 in	 Figure	5	
(corresponding	 to	 the	 numerically	 obtained	 allocation	 schedules	
in	 Figure	2).	 Variation	 in	 fitness-	return	 curvatures	 in	 the	 early	
stages	 (small	 investment	 levels)	 leads	 to	 three	 different	 catego-
ries	of	 shape	 in	 the	onset	phase	 (rows	 in	Figure	5).	The	onset	of	
reproduction	may	 be	 discontinuous	 (D)	 or	 continuous	 depending	
on	whether	 the	 fitness-	return	 curve	 at	 early	 stages	 is	 accelerat-
ing	 or	 decelerating.	 Depending	 on	 how	 strong	 the	 deceleration	
is,	 a	 continuous	onset	 can	be	decelerating	 (d)	 or	 accelerating	 (a).	
Variation	 in	 fitness-	return	curvatures	 in	 the	 later	 stages	 (high	 in-
vestment	levels)	leads	to	four	different	categories	of	shape	in	the	
completion	 phase	 (columns	 in	 Figure	5).	 Depending	 on	 whether	
the	fitness-	return	curve	at	these	investment	levels	is	accelerating	
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4.1 | Relation to other theoretical approaches
Our	 results	 extend	 the	 more	 qualitative	 results	 reported	 in	 earlier	
analytic	 studies	 (e.g.,	 Sibly	 et	al.,	 1985;	 Taylor	 et	al.,	 1974).	 For	 ex-
ample,	Sibly	et	al.	(1985)	discussed	which	combinations	of	curvatures	
in	 fecundity	 and	mortality	 rates	 render	 graded	 allocation	 schedules	
optimal,	without	going	 into	further	detail	about	the	shapes	of	these	
schedules.	By	 contrast,	 our	 results	 give	 concrete	 insights	 into	what	
kind	of	diversity	we	can	expect	to	arise	from	these	mechanisms.	We	
also	show	how	this	diversity	can	be	understood	by	studying	the	fit-




ways	similar	 to	 the	 fitness	gradient	 in	adaptive-	dynamics	 theory	 for	
the	evolution	of	function-	valued	traits	(Dieckmann,	Heino,	&	Parvinen,	
2006;	see	also	Metz	et	al.,	2016).	This	connection	provides	an	inroad	
to	 study	 allocation	 problems	 under	 the	 influence	 of	 environmental	
feedback	 (see	also	Parvinen,	Dieckmann,	&	Heino,	2013).	This	 is	an	




loop	 in	 place,	 we	 have	 to	 distinguish	 between	 primary	 parameters	
and	 parameters	 modified	 by	 the	 environmental	 feedback,	 like	 the	
full	range	of	possible	fertilities	and	that	of	fertilities	in	environments	
depleted	 by	 the	 corresponding	 equilibrium	 populations.	 If	we	 allow	
maximal	freedom	in	the	primary	parameters,	up	to	natural	physiologi-
cal	restrictions,	the	modified	parameters	can	only	be	more	restricted.	










































provided	 in	 Klinkhamer,	 Kubo,	 and	 Iwasa	 (1997)	who	 considered	
seasonal	 variation	 as	well	 as	 allocation-	dependent	 fecundity	 and	
mortality	 functions	 (corresponding	 to	kb	and	kq	being	 nonzero)	 in	
a	model	of	perennial	plants.	Note	that	other	studies	(e.g.,	Ejsmond	
et	al.,	 2010;	Kozłowski	&	Uchmanski,	1987)	of	optimal	 reproduc-
tive	allocation	 in	 seasonal	environments	assume	 that	 fecundity	 is	







in	 certain	 years,	 with	 nonreproductive	 years	 in	 between,	 a	 pat-
tern	comparable	to	masting.	As	noted	by	Klinkhamer	et	al.	(1997),	
such	patterns	of	 intermittent	reproduction	 in	practice	correspond	




anisms,	 e.g.	 associated	with	 the	 presence	 of	 storage	 organs,	 can	
yield	qualitatively	different	predictions.




of	 reproductive	 schedules,	 as	 we	 have	 done	 here,	 clarifies	 which	
potential	a	given	mechanism	has	 to	generate	diversity	 in	 life	histo-
ries.	An	 interesting	avenue	for	 future	research	 is	 to	compare	which	
patterns	of	 life-	history	variation	are	generated	by	which	alternative	
mechanisms.	It	would	also	be	interesting	to	study	more	systematically	
interactions	 among	 different	 mechanisms	 that	 independently	 may	
favor	indeterminate	growth	(cf.	Klinkhamer	et	al.,	1997).
4.2 | Predictions about empirical patterns
Our	analysis	reveals	 links	between	ecological	and	physiological	con-
straints	 on	 life-	history	 evolution,	 on	 the	 one	 hand,	 and	 shapes	 and	










identified	 reproductive-	allocation	 schedules,	 that	 can	 be	 related	 to	
those	found	in	our	study.	For	example,	Wenk	and	Falster	(2015)	eval-
uated	 the	 existing	 empirical	 evidence	 for	 diversity	 of	 reproductive-	
allocation	 schedules	 among	 perennial	 plants.	Among	 the	 32	 species	
included	 in	 their	 review	 for	which	 reproductive-	allocation	 schedules	




























the	 lifetime	 of	 an	 organism	 can	 be	 complicated	 and	 expensive,	






other	 patterns,	 that	 may	 be	 easier	 to	 observe.	 To	 start	with,	 our	
model	 predicts	 connections	 between	 different	 types	 of	 allocation	
schedules	and	qualitatively	different	growth	curves.	Our	model	also	
predicts	 how	 the	 curvatures	 of	 mortality	 and	 fecundity	 functions	
relate	to	maximum	life	span	and	maximum	body	size	 (Figure	3c,d).	
Predictions	 from	 our	 model	 about	 variation	 in	 energy-allocation	
patterns	 can	 therefore	 be	 connected	 to	 data	 on	 growth	 curves,	
body	sizes,	and	age.	For	example,	Myers	and	Doyle	 (1983)	used	a	
model	similar	to	ours	to	reconstruct	mortality	curvatures	from	data	
on	 the	growth	and	 reproductive	 success	on	different	 fish	 species.	
As	 the	 curvatures	 of	mortality	 and	 fecundity	 functions	 ultimately	






predictions.	 In	 sum,	 even	 if	 some	 components	 of	 our	model	 may	
be	 hard	 to	validate,	 the	multitude	 of	 connections	 between	model	
predictions	and	accessible	data	make	us	believe	that	there	are	many	







span	and	maximum	body	 size	 among	 randomly	 sampled	bang–bang	
types,	but	not	among	nonbang–bang	types.	It	would	be	interesting	to	
investigate	whether	such	patterns	can	be	observed	in	empirical	data	




dividing	allocation	patterns	 into	 those	 leading	 to	either	determinate	
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or	 indeterminate	 growth.	 Our	 findings	 thereby	 offer	 a	 conceptual	
foundation	 for	 studying	 intermediate	cases,	 enabling	 the	 systematic	
exploration	of	richer	and	more	nuanced	variation	in	life	histories.	Our	
results	 also	provide	 links	between	ecological	 and	physiological	 con-
straints	and	these	life-	history	types.	By	establishing	a	new	and	wider	
scope	for	testable	predictions,	we	hope	these	results	will	inspire	con-
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APPENDIX A
Derivation of fitness- return function
Below	we	calculate	the	fitness	returns	according	to	Equation	(7)	for	
our	 optimization	 problem	 defined	 by	 Equations	 (1–6).	 As	 in	Metz	
et	al.	(2016),	fitness	returns	r(ũ,t;u)	denote	the	effects	on	the	lifetime	
reproduction	R0	of	an	individual	that	result	from	changing	u	to	the	
















The	 first	 equation	 holds	 as	 m	 is	 differentiable	 at	 t	 and	 therefore	











Third,	we	determine	 linear	 approximations	of	ΔP(τ)	 and	Δm(τ)	 for	





now	 on	 hide	 the	 latter	 argument.	 Using	 Equations	 (A2)	 and	 (A5),	 
we	 get	 ΔP(τ)=ΔP(t+δ) ̂P(τ)=−P(t) (q(ũ)−q(u(t))) δ ̂P(τ)+O(δ2)	 and	
Δm(τ)=Δm(t+δ)m̂(τ)=−E(m(t))(ũ−u(t))δm̂(τ)+O(δ




























tion,	 and	 (3)	 size-	dependent	mortality.	We	mainly	 consider	 the	 ef-
fects	on	 the	diversity	of	optimal	 types,	which	 is	main	 focus	of	 this	
study.
Effects of variation in model parameters
We	 identify	 two	major	effects	of	 varying	 the	parameters	c1,	…,	c4 
and	ke.	First,	variation	 in	 these	parameters	can	make	 it	optimal	 to	
switch	to	reproduction	earlier	or	later	in	life.	Specifically,	earlier	in-
vestments	 to	 reproduction	 are	 optimal	 when	 mortality	 increases	
(increased	 c1 or c2)	 or	 when	 fecundity	 or	 growth	 efficiency	 de-

























Δm (t+δ)=−E (m(t)) (ũ−u(t)) δ+O(δ
2),
ΔP (t+δ)=− (q(ũ)−q (u(t)))P(t)δ+O(δ
2). (A2)
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if	 p	 is	 set	 to	 a	 very	 low	 value,	 fecundity	 will	 be	 a	 linear	 function	
(b(uE)	=	puE),	which	causes	the	onset	to	be	discontinuous	(D).	It	fol-
lows	that	variation	 in	 the	parameter	p	may	reduce	the	diversity	of	








proximation	 anymore.	 We	 also	 examine	 the	 survival	 probability	
(P = 10−6)	according	to	which	growth	is	classified	as	 indeterminate.	
Specifically,	we	considered	effects	on	the	line	in	Figure	3a	that	sepa-






allocation	 (u	=	1)	 before	 their	 survival	 probability	 falls	 below	 the	
critical	level.
Effects of fixed costs reproduction
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kb	 in	our	model.	Notice,	 for	example,	 that	when	moving	toward	the	
right	 in	Figure	3a,	the	optimal	types	typically	first	develop	a	discon-
tinuous	onset	of	 reproduction	 (Da	or	Dd)	and	 then	 turn	 into	bang–
bang	strategies	(DD).
Effects of size- dependent mortality
As	a	further	robustness	test,	we	explore	the	effects	of	assuming	size-	
dependent	 mortality,	 given	 its	 common	 occurrence	 in	 nature	 (e.g.,	
Paine,	 1976).	 To	 this	 end,	 we	 add	 a	 size-	dependent	 term	 to	
Equation	(1),	 representing	 increased	 mortality	 for	 juveniles.	
Specifically,	 we	 assume	 q(u,m)= c1+c2u
kq +c6m
km	 (cf.	 Sibly	 et	al.,	
1985).	We	explore	the	effects	of	varying	c6	and	km	on	the	optimal	al-
location	schedules	in	Figure	2a.	As	in	the	previous	section,	we	use	the	
type	 ad	 from	 Figure	2a	 for	 reference.	 The	 results	 are	 nevertheless	
representative	for	the	remaining	types	there	as	well.
In	 three	 scenarios	 with	 size-	dependent	 mortality,	 we	 observe	
relatively	 small	 changes	 in	 the	 shapes	 of	 the	 optimal	 allocation	
schedules.	Firstly	when	mortality	is	initially	moderate	and	then	de-
clines	 relatively	 slowly	 with	 size	 (black	 continuous	 line	 in	
Figure	B1b),	the	optimal	allocation	schedule	is	displaced	to	the	left,	






the	 right,	 that	 is,	 reproduction	 is	 delayed	 (black	 dashed	 lines	 in	
Figure	B1c).	 This	 occurs	 because	 by	 growing	 as	 fast	 as	 possible	
when	 young,	 individuals	 can	 avoid	 the	 high	 juvenile	 mortality.	
Thirdly,	when	km	is	sufficiently	large,	the	optimal	allocation	sched-




















size-	dependent	mortality	 in	our	model.	 Firstly,	 the	optimal	 allocation	
schedule	can	become	u-	shaped	(dotted	line	in	Figure	B1b,c).	This	oc-
curs	when	mortality	 is	 initially	 very	 high	 and	drops	 relatively	 slowly,	
such	 that	 low	survival	prospects	 initially	make	 it	optimal	 to	 invest	 in	
reproduction	from	birth	onward	and	it	pays	off	to	grow	only	starting	at	







energy	 into	 reproduction	 already	 from	 birth.	 However,	 if	 mortality	
drops	 relatively	 fast	with	size	or	 is	not	 too	 large	overall,	we	expect	
relatively	mild	effects	on	the	shapes	of	the	optimal	allocation	sched-
ules,	and	thus	also	on	overall	life-history	diversity.
